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Numerical simulation of a possible counterexample to cosmic censorship
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A numerical simulation is presented here of the evolution of initial data of the kind that was conjectured by
Hertog, Horowitz, and Maeda to be a violation of cosmic censorship. Those initial data are essentially a thick
domain wall connecting two regions of anti–de Sitter space. The initial data have a free parameter that is the
initial size of the wall. The simulation shows no violation of cosmic censorship, but rather the formation of a
small black hole. The simulation described here is for a moderate wall size and leaves open the possibility that
cosmic censorship might be violated for larger walls.
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I. INTRODUCTION

One of the outstanding questions in general relativity
that of cosmic censorship: the question of whether the
gularities formed in gravitational collapse are hidden ins
black holes. One thing that makes this issue difficult is tha
is not clear what we might expect to be true. It is fair
straightforward to find spacetimes with naked singulariti
however, it can certainly be argued that those spacetimes
not generic~as in the case of critical collapse@2#! or that the
matter is not ‘‘physically reasonable’’~as in the case of dust!.
The question is what is to be meant by physically reasona
and whether cosmic censorship holds if the condition
physically reasonable matter~as well as genericity! is im-
posed. One might think that pointwise energy conditio
would be a condition that would be satisfied by physica
reasonable matter. However, Hertog, Horowitz, and Ma
@1# point out that matter can violate pointwise energy con
tions and still give rise to a positive mass theorem. Th
argue that such matter should be considered physically
sonable; but that it gives rise to naked singularities. In R
@1# initial data are generated and it is argued that the ev
tion of those data gives rise to a singularity that cannot
hidden inside a black hole. Such a singularity would have
either ~i! be visible to an observer at infinity or~ii ! itself
extend to infinity. In Ref.@1# it is argued that possibility~i! is
more likely; however, a recent theorem of Dafermos@3# rules
out possibility~i!. Thus if the arguments of Ref.@1# are cor-
rect then their initial data evolve to a singularity that exten
out to infinity. The system is gravity coupled to a scalar fie
with a potential that has two minima below zero. The init
data is essentially a thick domain wall that interpolates
tween the true vacuum on the inside and the false vacuum
the outside. The arguments of Ref.@1# are somewhat heuris
tic, so it is worthwhile to evolve their initial data to se
whether a naked singularity does indeed form. Alcubie
et al. @4# perform numerical simulations to evolve an initi
data set for a system that has some similarities to the sys
considered in Ref.@1#. Here the system is also gravit
coupled to a scalar field with a potential with two minim

*Electronic address: david@physics.uoguelph.ca
0556-2821/2004/69~12!/124017~4!/$22.50 69 1240
s
-

e
it

;
re

le
f

s

a
-
y
a-
f.
-

e
o

s

l
-

on

e

m

and the initial data is a thick domain wall that interpolat
between the two vacua. However, in this case one minim
of the potential is at zero and it seems unlikely that the po
tive mass theorem holds for this system. The results of R
@4# are that the domain wall accelerates outward, approa
ing the speed of light.

Since the results to be obtained may depend crucially
the type of matter used, it is important to simulate the syst
described in Ref.@1# rather than a different system that ma
or may not be analogous. In this work we perform a prelim
nary version of such simulations. The work is preliminary f
the following reason: the argument of Ref.@1# says that the
singularity cannot be hidden inside a horizon if the init
wall is sufficiently large. Here, sufficiently large means
radius greater than about 600 in units of the anti–de Si
radius of curvature. Simulating such a large wall is nume
cally very challenging. Instead, this simulation is for a w
of the more moderate initial size of about 7. The system a
data, as well as the numerical methods, are described in
II. Results are presented in Sec. III and conclusions in S
IV.

II. EQUATIONS AND NUMERICAL METHODS

The system to be studied is a spherically symmetric sc
field f with a potentialV. The appropriate equations ar
therefore the Einstein-scalar equations:

Gab5¹af¹bf2gabS 1

2
¹cf¹cf1VD ~1!

¹a¹af5
]V

]f
~2!

~here we are using units where 8pG51). We use polar-
radial coordinates for the metric which puts it in the form

ds252a2dt21a2dr21r 2~du21sin2udw2!. ~3!

It is helpful to define the quantitiesX andY given by

X[
]f

]r
~4!
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Y[
a

a

]f

]t
~5!

from which it follows that equation of motion forf is

]f

]t
5

a

a
Y. ~6!

From Eq.~2! it follows that the equation of motion forY is

]Y

]t
5

1

r 2

]

]r S r 2
a

a
XD2aa

]V

]f
. ~7!

From Eq. ~1! we obtain the following constraint equation
for a anda:

]a

]r
5

a~12a2!

2r
1

1

4
ra~X21Y212a2V! ~8!

]

]r
ln~aa!5

r

2
~X21Y2!. ~9!

We now turn to numerical methods. The equations simula
are Eqs.~6!–~9!. We use unequally spaced values ofr. At
grid point i the quantity X is calculated asXi5(f i 11
2f i 21)/(r i 112r i 21). For any quantityf define quantities
f 1 and f 2 by f 15( f i 111 f i)/2 and f 25( f i1 f i 21)/2. Also
define the quantitiesXp and Xm by Xp5(f i 112f i)/(r i 11
2r i) andXm5(f i2f i 21)/(r i2r i 21). The first term on the
right hand side of Eq.~7! is differenced as

1

r 2

]

]r S r 2
a

a
XD→ 3

r 1
3 2r 2

3 S r 1
2 a1

a1
Xp2r 2

2 a2

a2
XmD .

~10!

Equations~6! and ~7! are integrated using a three step ite
ated Crank-Nicholson method@5# with Kreiss-Oliger dissipa-
tion @6# used in Eq. ~7!. Each iteration of the Crank
Nicholson method involves an integration of Eqs.~8! and~9!
which is done using a second order predictor-correc
method.

At the origin, ~grid point i 51) smoothness requires th
f and Y have vanishing derivative with respect tor. We
impose this asf15(4f22f3)/3 and correspondingly forY.
We also impose the conditiona151 which is required by
smoothness of the metric. The value ofa at the origin can be
freely specified, and we choosea151. At large distances
the spacetime should be in the anti–de Sitter false vacu
corresponding tof5fvac. We apply this condition by im-
posingfN5fvac andYN50 whereN is the last grid point.

Stability of the simulations requires that the time step s
isfy a Courant condition. We choosedt to be the minimum
over all grid pointsi of 1

2 (r i 112r i)ai /a i . This Courant con-
dition is one reason for the use of unequally spacedr i . The
presence of vacuum energy leads to a large variation ina/a
which would then lead to an extremely small time step if
had a uniform spacing forr.

We now turn to a consideration of the initial data. T
potential used in Ref.@1# is
12401
d

r

m

t-

V~f!523150f2281f31kf6, ~11!

wherek is a constant whose value will be specified later. T
false vacuum is atf50 while the true vacuum is at som
other valuef5fvac. The approach of Ref.@1# to choosing
initial data is the following: consider initially static field con
figurations that are in the false vacuum atr 50 and in the
true vacuum forr .Rvac for some constantRvac. Then the
contribution of the potential to the total mass is

mV5
1

2
Rvac

3 E
0

1

e2*y
1dŷŷf82/2Vy2dy. ~12!

Here y5r /Rvac and f85]f/]y. DefinerV to be the mini-
mum over all field configurations of 2mVRvac

23 and choose as
initial data the field configuration for which the minimum
attained. The positive energy theorem will hold provided th
rV.V(fvac)/3. For the present potential, this inequality
just barely satisfied fork545.928. Definex5 ln y. Then
minimizing rV corresponds to the differential equation

d3f

dx3 5
d2f

dx2F 31
1

2 S df

dx D 2

1

2V
d2f

dx2 1
dV

df S df

dx D 2

1
d2V

df2

df

dx

V
df

dx
1

dV

df

G . ~13!

We find the solution to this equation using a shooti
method. Smoothness and the condition that the field be in
false vacuum atr 50 yields the condition that for large nega
tive x we have f5cebx where c is a constant andb
5(A40923)/2'8.6. We integrate Eq.~13! from large nega-
tive x to x50 using the fourth order Runge-Kutta metho
The value ofc is found using a binary search to be the o
that yieldsf5fvac at x50.

The spacing inr is chosen as follows: choose a consta
Rmax and a coordinater̃ equally spaced from zero toRmax.
Then definer by

r 5
1

2
F1.1r̃ 10.9 lnS cosh~ r̃ 2Rvac!

coshRvac
D G . ~14!

III. RESULTS

The simulation was done in double precision on a S
Blade 2000. The number of grid points was 8001 and
values of the parameters were as follows:Rvac57 andRmax
516 while k was chosen so thatfvac50.725 which yields
the critical value ofk. The coordinate system used@Eq. ~3!#
cannot evolve past the formation of a trapped surface, s
it assumes thatr is spacelike, whereasr becomes null on a
trapped surface. As a trapped surface forms, the metric q
tity a grows without bound. The simulation is run untila
grows large enough to signal that a trapped surface is fo
7-2
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ing. Figure 1 shows the scalar fieldf at the initial time~solid
line! and at a time shortly before the formation of a trapp
surface~dotted line!. This time is close top/2. What hap-
pens in the evolution off is that the initial domain wall
moves inward somewhat; but in addition, a wave pu
comes off the wall, moves to the center and forms a bl
hole there. Since the most interesting features of the fi
configuration are on a small spatial scale, subsequent fig
will plot those features in the range 0,r ,0.25. Figures 2–4
show respectivelyf, Y anda at the time shortly before the
formation of a trapped surface.

Note from Fig. 3 that the time derivative of the scalar fie
is getting quite large at the final time and at points close
the center. Thus a region of high curvature is forming n
the center. Figure 4 indicates the formation of a trapped
face at r'0.05. What is important here is not simply th
formation of a trapped surface, but also that the size of
trapped surface is of the same order as the size of the re
of high curvature rather than much smaller than the region
high curvature. This makes it likely that what is happening
the formation of a black hole that will contain the singulari
Note that the size of the black hole is considerably sma
than the spatial scale set by the initial size of the wall.

FIG. 1. The scalar fieldf at the initial time~solid line! and the
final time ~dotted line!.

FIG. 2. The scalar fieldf at the final time.
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IV. CONCLUSIONS

The results of this simulation of a moderate size wall a
quite different from what is conjectured in Ref.@1# to be the
behavior of a large wall. Instead of a naked singularity o
gets a small black hole. Instead of the collapse of a rat
large homogeneous region, one has very localized and de
edly nonhomogeneous behavior near the center of sphe
symmetry. The reason for this behavior follows from pro
erties of the initial data: note that near the center the sc
field is proportional tor b whereb'8.6. This large power
means that the scalar field is essentially zero in a sphe
region around the center. In contrast, the analysis of Ref.@1#
assumes that in the central region the scalar field can
modeled as homogeneous but time dependent. Since the
tial scalar field in the central region is negligible, subsequ
behavior of the scalar field in the central region must co
from modes that propagate inwards, in this case from
domain wall. As these modes propagate inwards, their
plitude grows and their wavelength shortens until finally th
form a small black hole at the center.

Thus the results of this simulation do not provide a cou
terexample to cosmic censorship. Note, however that
simulation is done with a moderate value ofRvac (Rvac57)
while the argument of Ref.@1# claims that violations of cos-

FIG. 3. Y at the final time.

FIG. 4. a at the final time.
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mic censorship occur for sufficiently largeRvac (Rvac
.600). Thus it is still possible that this model violates co
mic censorship but not for moderate values ofRvac like the
one used in this simulation. Put another way, the argum
of Ref. @1# do not lead one to expect the formation of a nak
singularity from theRvac57 form of their initial data. There-
fore the fact that this simulation finds black hole formati
does not contradict the arguments of Ref.@1#. Nonetheless,
the details of the collapse process tend to cast doubt on s
parts of the argument of Ref.@1#. In particular, regardless o
the size of the wall, the initial data for the scalar field b
haves liker b near the center forb'8.6. Thus the initial data
in the central region does not look like anti–de Sitter sp
with a small homogeneous perturbation. However, the ar
ment of Ref.@1# depends on treating the evolution of th
central region as the evolution of a homogeneous sp
Thus there is reason to doubt this part of the argument
resolve this issue one would need to do a simulation w
large Rvac. Since in anti–de Sitter spacea and a21 grow
ky
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linearly with r, large values ofRvac involve large values ofa
and a21. It is therefore likely that the numerical metho
used in this work is not sufficiently robust to treat large v
ues ofRvac and that some other numerical method will ha
to be used. This problem is under study.

Finally, note that the authors of Ref.@1# have proposed
another model@7# that they claim leads to violations of cos
mic censorship. However, numerical simulations of th
model done by Gutperle and Kraus@8# indicate that model
leads to the formation of black holes rather than naked
gularities.
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